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bi-harmonic maps 
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Abstract. In this paper, we study variation formulas for transversally harmonic 
maps and bi-harmonic maps, respectively. We also study the transversal Jacobi 
field along a map and give several relations with infinitesimal automorphisms. 



1 Introduction 

Let (M, J-) and (M', J 7 ') be two foliated Riemannian manifolds and let <fi : M — > 
M' be a smooth foliated map, i.e., is a leaf-preserving map. Then cf) is transver- 
sally harmonic if is a critical point of the transversal energy functional on any 
compact domain of M, which is defined in Section 3 (cf. [5Tl9]fT0] ). Equivalently, 
it is a solution of r&(0) = 0, where t&(</>) is a transversal tension field, which is 
given by r fe (0) = trgVc?T0 (see [H] for more details). That is, transversally har- 
monic maps are considered as harmonic maps between the leaf spaces PITO] . For 
harmonic maps, see PTT5] , Also, we study the transversally bi-harmonic map as 
the critical point of the transversal bi-energy functional on any compact domain 
of M (Section 6). In this paper, we study the second variation formulas for the 
transversal energy and transversal bi-energy of 0. And we give some applica- 
tions. This paper is organized as follows. In Section 2, we recall the basic facts 
on foliated manifolds. In Section 3, we review transversally harmonic maps and 
the first variation formula. In Section 4, we give the second variation formula for 
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the transversal energy. In Section 5, we define the transversal Jacobi operator 
along the foliated map and study its realtion with infinitesimal automorphisms. 
In Section 6, we study transversally bi-harmonic maps and their applications. 
In Section 7, we give the second variation formula for the transversal bi-energy. 
Note that some results in Section 6 and Section 7 of the present paper can be 
found in [2J, but the approach is different in a technical sense. Throughout this 
paper, (M, J 7 ) is considered as a foliated Riemannian manifold, i.e., a Riemannian 
manifold with a Riemannian foliation, and all leaves of J 7 are compact. 

2 Preliminaries 

Let (M, g, J 7 ) be a (p+g)-dimensional foliated Riemannian manifold with foliation 
T of codimension q and a bundle-like metric g with respect to J 7 . Let TM be 
the tangent bundle of M, L the tangent bundle of J 7 , and Q = TM/L the 
corresponding normal bundle of J 7 . Let gQ be the holonomy invariant metric on 
Q induced by g. We denote by the transverse Levi-Civita connection on the 
normal bundle Q (T3lfL"i] . Let R® , K® 7 Ric^ and a® be the transversal curvature 
tensor, transversal sectional curvature, transversal Ricci operator and transversal 
scalar curvature with respect to V Q = V, respectively. Let QJ B (F) be the space 
of all basic r-forms, i.e., u G ^(J 7 ) if and only if i(X)u = = i(X)du) for any 
X e FL, where i(X) is the interior product. Then Q r (M) = ^(J 7 ) © ^(J 7 ^ 
PQ. Let k,b be the basic part of k, the mean curvature form of J 7 . Then Kb is 
closed, i.e., cIkb = [I]. The basic Laplacian A B acting on ^(J 7 ) is defined by 

A B = d B 6 B + S B d B , (2.1) 

where 5b is the formal adjoint of ds = d|n* (T-) [l2fl4j . Let ^(J 7 ) be the space 
of all transversal infinitesimal automorphisms Y of J 7 , i.e., [Y, Z] e TL for all 
Z e TL. Let V(F) = {Y = n(Y)\Y e ^(J 7 )}, where vr : TM -> Q is a 
projection. Trivially, ^(J 7 ) — ^(J 7 ) [TT| . For later use, we recall the transversal 
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divergence theorem [TH] on a foliated Riemannian manifold. 

Theorem 2.1 Let (M, gM,J~) be a closed, oriented Riemannian manifold with a 
transversally oriented foliation T and a bundle-like metric gu with respect to T . 
Then 

[ div v X = f g Q (X,K B ) (2.2) 

for all X G V(J-), where divyX denotes the transversal divergence of X with 
respect to the connection . 

Now, we define the bundle map A Y : A r Q* -> A r Q* for any Y G V(F) [7] by 

A Y oo = 6(Y)u - V y u Vw G A r Q*, (2.3) 

where 0{Y) is the transverse Lie derivative. It is well-known [7J that, on TQ 

A y s = -Vy 3 Y VsgTQ, (2.4) 

where Y s is the vector field such that tt(Y s ) = s. So Ay depends only on Y = ir(Y). 
Since 6(X)u = Vxw for any X G TL, Ay preserves the basic forms and depends 
only on Y . Let E — > M be a vector bundle over M and fig(.E') = fi^(J r ) <g> be 
the space of all E- valued basic r-forms. Let V be also the connection on E. Then 
the operator Ax is extended to Vt r B {E) [5]. Now we define <iy : Wb(E) — > Q B +1 (E) 
by 

d v (u <g> s) = d B uj <g> s + (-l)' r w A Vs (2.5) 

for any u; G f2^(J r ) and s E E. Let 5y be the formal adjoint of dy Then we 
define the Laplacian A on f^(i£) by 

A = d v 5 v + 5 v d v . (2.6) 

From now on, let {E a }(a — 1, • • • , q) be a local orthonormal frame on Q and # a 
be the g^-dual 1-form to E a . Then the generalized Weitzenbock type formula on 
Q r B (E) is given by [5] 

A$ = V t ;V tr $ + F($) + Aj $, V$ G 1T B (£), (2.7) 
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where V t * r V tr = -£ a V| ai£a + and F = J2l,b=i d a Ai(E b )R v (E b , E a ). From 
(12.71) . we also have 

^A B |$| 2 = (A$, $) - |V tr $| 2 - (A K „ $, $) - (F($), $), (2.8) 

where (•, •) is an inner product on Q r B (E). 

Now, we recall the following generalized maximum principles. 

Lemma 2.2 j6] Let J 7 be a Riemannian foliation on a closed, oriented Rieman- 
nian manifold (M,gu). If (A# — > (or < 0) /or any basic function f, 

then f is constant. 

3 Transversally harmonic maps 

Let (M, g, J 7 ) and (M', g', J 7 ') be two foliated Riemannian manifolds and all leaves 
of T are compact. Let V M and V M ' be the Levi-Civita connections on M and 
M', respectively. And V and V be the transverse Levi-Civita connections on Q 
and Q', respectively. Let : (M, g, J 7 ) — >■ (M',g', J 7 ') be a smooth foliated map, 
i.e., d0(L) C V . We define d T : Q ->■ Q' by 

aV</> := 7r' o d0 o a, (3.1) 

where cr : Q — >• -^" L is a bundle map satisfying 7r o a = id. Then dj><f) is a section 
in Q* <g> 0" 1 <5 / . Let V* and V be the connections on and <g> 

respectively. Then <fi : (M, <7, J 7 ) — )■ (M',g', J 7 ') is called transversally totally 
geodesic if it satisfies 

V tr d T = 0, (3.2) 

where ( Vt r dy0) (X, y ) = (Vx^T0)(y) for any X, K G HJ. And the transversal 
tension field of is defined by 

q 

r 6 (0) = tr Q W T = ^(^^(EJ, (3.3) 

o=l 
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where {E a }(a = 1, • • • ,q) is a local orthonormal frame on Q. Trivially, the 
transversal tension field t&(0) is a section of 4>~ l Q'. 

Definition 3.1 Let : (M, g, J 7 ) — > (M', g', J 7 ') be a smooth foliated map. Then 
is said to be transver sally harmonic if the transversal tension field vanishes, 
i.e., T b (4>) = 0. 

Let voIl '■ M — > [0, oo] be the volume map for which voIl{x) is the volume of the 
leaf passing through x G M. It is trivial that voIl is a basic function. And it 
holds [S] that 



The transversal energy of on a compact domain O C M is defined by 



where \Lm is the volume element of M. Let V G $~ X Q' '. Obviously, V may be 
considered as a vector field on Q' along 0. Then there is a 1-parameter family 
of foliated maps 4>t with O = and ^Ht=o = ^- The family {<f) t } is said to be 
a foliated variation of with the normal variation vector field V. Then we have 
the first variation formula. 

Theorem 3.2 (The first variation formula) Let : (M,g,J r ) -> (M',g',J 1 '') 
be a smooth foliated map, and all leaves of J 7 be compact. Let {<p t } be a smooth 
foliated variation of supported in a compact domain Q. Then 



where V(x) = &(x)\t=o is the normal variation vector field o/{0t}. 

Definition 3.3 Let : (M, g, J 7 ) — » (M', J 7 ') be a smooth foliated map. Then 

the transversal stress- energy tensor St{4>) of is defined by 



dsvolL + (voIl)kb = 0. 



(3.4) 




(3.5) 




(3.6) 



^(0) = ^\d T (p\ 2 gQ - <fr*gQ>, 



(3.7) 



where 0* is the pull-back of '(f). 
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Trivially, St{4>) G ® 2 Q* is the symmetric 2-covariant normal tensor field on M. 

Proposition 3.4 j2] Let <p : (M, g, J 7 ) — )■ (M',g', J 7 ') 6e a smooth foliated map. 
Then, for any vector field X G TQ, 

(div v 5 T (0))(X) = -(r b (0),rf T 0(X)), (3.8) 
where (div v S T (0))(-) = ELi(V S ^t(0))(^, •)■ 

Proof. Note that [d T <f>(X), d T (f)(Y)} = d T <t>{[X,Y}) for any 1,7 6 TQ. So, by 
direct calculation, the proof follows. □ 

If divv>S'T(0) = 0, then we say that <fi satisfies the transverse conservation 
law [2]. The foliated map satisfying the transverse conservation law is said to be 
transversally relatively harmonic. Then we have the following. 

Corollary 3.5 Any transversally harmonic map is transversally relatively har- 
monic. 

The converse of Corollary 3.5 does not hold. For the converse, see Theorem 7.4 
below. 

Remark. [5] Let <ft : (M, g, J 7 ) — > (M', g', J 7 ') be a smooth foliated map. Then 

d\>d T (fi = 0, 5dT<f> = —r b ((f)), (3.9) 

where 5 = <5y — ^( k b)- 

4 The second variation formula for the transver- 
sal energy 

Let (M, g,F) and (M',g', J 7 ') be two foliated Riemannian manifolds, and all 
leaves of J 7 be compact. Let <fi : (M, (^J 7 ) — > (M',g', J 7 ') be a transversally 
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harmonic map. For any V, W 6 (j) 1 Q', there exists a family of foliated maps 
4>t,s(~ e < s,t <e) satisfying 



V -- 

\ w 



dt 



ds 



(t,s)=(0,0) 
(t,s)=(0,0)' 



(4.1) 



-'CO 



Then {<pt,s} is said to be the foliated variation of with the normal variation vec- 
tor fields V and W. Then we have the second variation formula for the transversal 
energy. 

Theorem 4.1 (The second variation formula) Letip : (M, g, J 7 ) — > [M',g\JF') be 
a transversally harmonic map with M compact without boundary, and all leaves of 
T be compact. Let {4>t,s} be the foliated variation of 4> with the normal variation 
vector fields V and W. Then 

-E B (<f> tiS ) 

(M)=(o,o) 



dtds 



(4.2) 



((v£)*(v£)v - vi v - tr Q n?(y, d T <t>)d T <j>, w)^-fi M , 

B VOLl 



where tx Q R9' {V, d T <\>)d T <\> = ELi R Q '(^ d T 0(E a ))d r 0(£ a ). 

Proof. Let $ : M x (— e, e) x (— e, e) — > M' be a smooth map, which is defined 
by $(x, t, s) = 4>t, s {x). Let V* be the pull-back connection on It is trivial 

that [X, = [X, J^] = for any vector field X £ TM. From the first normal 
variation formula (Theorem 13.21) . we have 



d_ 

ds 



E 



B\<Pt,s 



(9$ 1 

(-^-,n{<t>t, s )) — r m- 

M OS VOl L 



(4.3) 



By differentiating (14.31) with respect to t, we have 
d 2 



dtds 



E 



BWt r 



M OtOS OS dt vol L 
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At (t, s) = (0, 0), the first term vanishes since r 6 (0) = 0. Hence we have 

-^-E B {<t> t , s ) =- [ (W,V%T b ((/> t , a ) )^-/iM- (4.4) 

dtds (M)=(o,o) J M at (t,«)=(o,o) vol L 

We choose a local orthonormal basic frame field {E a } with (VE a )(x) = 0. Then, 

at i G M, 

V|r b (0 t , s ) = V{V|Vl a rf T $(E a ) - V|d T $(V £a E a )} 

at * — ' at at 

a 

= y]{Vj,Vidr$(^ a ) + " V| ( V £a £ a ) } 

a 

= E{ v i v i^ - v v, a K^ + r q ( w d T *(E a ))d T *(E a )}. 

a 

Hence, at (t, s) = (0, 0), we have 
V* r b (4> tyS )\ 

dt l(t,s)=(0,0) 

= E^ V l V l y - V v,^ + *r^.))*r^«)}- (4-5) 

a 

Hence the proof is complete. □ 

Let 4> : (M, g, J 7 ) — >■ (M', g\ J 7 ') be a foliated map with M compact. Then we 
define the transversal Hessian THess^ of by 

THess^V, W) = -—E B {<fH,s) , (4.6) 

dtds (M)=(o,o) 

where {<pt,s} is a foliated variation of <fi with the normal variation vector fields V 

and W. Then we have the following corollary. 

Corollary 4.2 Let <fi : (M, g, J 7 ) — » (M',g', J 7 ') be a transversally harmonic map 
with M compact without boundary, and all leaves of J 7 be compact. Then, for any 
V, W e <\>- x Q', 

THess^W) = [ (vtvMrW)^-m (4.7) 
Jm vol L 

- [ (tr Q R Q \V,d T <P)d T <p,W)^—iiM 
Jm vol L 
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and THess^ is symmetric, i.e., THess<p(V, W) = THess^W, V) for any normal 
vector fields V and W along 0. 

Proof. From (14. 2ft and (14.6p . we have 

THess^V, W) 

- [ {%r Q B9\V,d T <j>)d T( j>,W)^—^ M 
Jm vol L 

Jm ~ vol l Jm voi l 

By (3.4), the last term in the last equality above vanishes. So the proof is com- 
pleted. □ 

If the transversal Hessian of : (M, g, J 7 ) — > (M', g', J 7 ') is positive semi- 
definite, i.e., THess^V, V) > for any normal vector field V along 0, then is 
said to be transversally stable. From ( 14 .7p . we have the following corollary. 

Corollary 4.3 (Stability) Any transversally harmonic map from a compact (without 
boundary) foliated Riemannian manifold to a foliated Riemannian manifold of 
non-positive transversal sectional curvature is transversally stable. 

5 Transversal Jacobi operator along a map 

Let (M, g, J 7 ) be a compact foliated Riemannian manifold, and all leaves of T are 
compact. 

Definition 5.1 Let : (M,g,J r ) ->• (M',g',J r ') be a foliated map. Then the 

transversal Jacobi operator Jj : T<f)^ 1 Q' — > T(j)~ x Q' along is defined by 

J+(V) = (V? r )*(v£)V - Vj„ V - tv Q R Q \V,d T <P)d T( t>. (5.1) 
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Any V G Ker Jj is called a transversal Jacobi field along for the transversal 
energy. 

From (12.41) . the transversal Jacobi operator Jy = J? d along the identity map is 
given by 

4(f) = V t * r V tr F - p v (F) + A y k% (5.2) 

for any Y G VlJ 7 ), which is called to generalized Jacobi operator of J 7 on M. 
From ( I4.2p and (14. 6p . if M is compact without boundary, then we have 

THesst(V,W)= [ (4{V),W)^-ii m . (5.3) 
hi vol L 

Let {<pt} be a smooth foliated variation of 4> with the normal variation vector 
field V. From (4.4) and (5.3), we have 

4(V) = -Var b {<t> t ) . (5.4) 

Hence we have the following proposition. 

Proposition 5.2 Let <fi : (M, g, J 7 ) — > (M', g', J 7 ') be a transver sally harmonic 
map and {<p t } be a smooth foliated variation of <fi with the normal variation vector 
field V . Then J^{V) = 0, i.e., V is a transversal Jacobi field along <p for the 
energy. 

Let Y G V^J 7 ) be an infinitesimal automorphism on (M, J 7 ). It is well-known [3] 
that, if Y is a transversal affine field, i.e., 9(Y)W = 0, then 

V t ;V tr F - p v (F) + A y k% = 0. (5.5) 

Hence we have the following proposition. 

Proposition 5.3 On (M, J 7 ), any transversal affine field is a generalized Jacobi 
field for J 7 . 
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Remark. Since any transversal Killing field is transversal affine [7J , any transver- 
sal Killing field is also generalized Jacobi field of J 7 . And the converse in Propo- 
sition 5.3 does not hold unless J 7 is harmonic. 

Corollary 5.4 (c/.0]) On (M, J 7 ) with M compact without boundary, the fal- 
lowings are equivalent: for any vector field Y G V(F), 

(1) Y is a transversal Killing field, that is, 9{Y)gQ = 0; 

(2) Y is a generalized Jacobi field for J 7 satisfying (i) divy(F) = and (ii) 
J M g Q (B Y Y, 4) > 0, where B Y = A Y + A t Y . 

Now, we recall the transversal Jacobi operator Jy : — > TQ of J 7 [7] by 

Jv = V t * r V tr - p v . (5.6) 

Then Y G Ker Jy is called a transversal Jacobi field for J- 7 [7J. Note that two 
operators Jy and Jy are related by 

J${Y) = MY) + A YK * B . (5.7) 

On a harmonic foliation J 7 , Jy = Jy. Hence, from Proposition 5.3 and Corollary 
5.4, we have the following corollary. 

Corollary 5.5 [8] Let T be a harmonic foliation on a compact Riemannian man- 
ifold (M, g) . Then the following are equivalent: 

(1) Y is a transversal Killing field, i.e., 9{Y)gQ = 0; 

(2) Y is a transversal Jacobi field of T and divy(F) = 0; 

(3) Y is transversal affine field, i.e., 0(Y)V = 0. 

Now, we have the vanishing theorem about the transversal Jacobi field along the 
map. 

Theorem 5.6 Let (M, g, J 7 ) be a closed, connected Riemannian manifold with a 
foliation J 7 and a bundle-like metric g. Assume the transversal Ricci operator is 
non-positive and negative at some point. Then any generalized Jacobi field Y for 
J 7 is trivial, i.e, Y is tangential to J 7 . 
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Proof. It is well-known [3] that 

i(A fl - 4)l^! 2 = 9 Q (Jv(Y) + ^(P V (?), " |V tr ?| 2 . (5.8) 
Let f be a generalized Jacobi field for J 7 . Then we have 

i(A fl - 4)l^| 2 = SQ(p V (n - |V tr ?| 2 . (5.9) 

Since the transversal Ricci curvature is non-positive, we have 

(A B -4)|F| 2 <0. (5.10) 

Hence, by the generalized maximum principle (Lemma 2.2), \Y\ is constant. 
Again, from (15.91) . Y is parallel. Moreover, since p v is negative at some point, Y 
is trivial. Equivalently, Y is tangential to T . □ 

If Y is a transversal Jacobi field of J 7 , i.e., Jv(Y) = 0, then Jy(Y") = — V k b Y. 
Therefore, from (I5.8P we have 

±A B \Y\ 2 = g Q (p v (Y),Y) - |V tr F| 2 . (5.11) 

From ( 15. lift , we have the following corollary [7j p535]. 

Corollary 5.7 [7J Let (M, g, J 7 ) 6e as in Theorem 5.6. Assume the transversal 
Ricci operator is non-positive and negative at some point. Then any transversal 
Jacobi field of J 7 is trivial, i.e., Y is tangential to J 7 . 

Proof. Let Y be a transversal Jacobi field of J 7 . Since p v is non-positive, 
from ( 15. lip . A#|y| 2 < 0. Since A = A# on a basic function, by the maximum 
principle, \Y\ is constant. Since p v is negative at some point, from (5.11), Y is 
trivial. □ 

6 Transversally bi-harmonic maps 

Let (M, g,F) and (M',g f , J 7 ') be two foliated Riemannian manifolds. Let <fi : 
(M, g, J 7 ) — > (M f , g', J 7 ') be a smooth foliated map. Now we define the transversal 
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bi-tension field (t2)&(0) of by 

(r 2 ) 6 (0) = Jj(r 6 (0)). (6.r 



Definition 6.1 Let : (M, g, J 7 ) — >■ (M', g', J 7 ') be a smooth foliated map. Then 
is said to be transversally bi-harmonic if the transversal bi-tension field vanishes, 
i.e., (r 2 ) 6 (0) = 0. 

Trivially, is a transversally bi-harmonic map if and only if the transversal 
tension field 77,(0) is a transversal Jacobi field along 0. Moreover, any transversal 
harmonic map is a transversal bi-harmonic map. Now, we define the transversal 
bi- energy of supported in a compact domain Q by 

(E 2 ) B ( ( p,Q) = l [ \5d T( f>\ 2 ^-fi M . (6.2) 
2 J n vol L 

Then we have the following theorem. 

Theorem 6.2 (The first variation formula for the transversal bi-energy) Let <p : 
(M, g, J 7 ) — >• (M f , g', J 7 ') 6e a smooth foliated map, and all leaves of J 7 be compact. 
Let {0t} be a foliated variation of with the variation vector field V in a compact 
domain Q. Then we have 

d F 1 

-(E 2 ) B {<p u n) =- / (( r2 ) 6 (0),y)_ - m . (6.3) 

Ott i=0 VOL jj 

Proof. Let {(pA be a foliated variation of such that ^ = V and 0o = 0. 

at t=o 

Choose a local orthonormal basic frame {E a } with (VE a )(x) = 0. Define $ : 
M x (— e, e) — > M' by $(x, t) = 0*(x). Let V* be the pull-back connection on 
Obviously, d T $(E a ) = d T (j)(E a ) and d$(|) = ^. Moreover, it is trivial 
that Vj_f t =Vd_E a = V Ea f t =0. Hence, from (E1D, we have 



^(JSyate.n) = / (V|r 6 (0 4 ),r b (0 t ))^-/iM. (6.4) 



13 



From f !5.4p . it follows that 




(E 2 ) B (<t> t ,n)\ t=0 



Jn v vol L 



The last equality above follows from (5.3) and the symmetry of the transversal 
Hessian THess of 0. From (16. lft . the proof is complete. □ 

Corollary 6.3 Let : (M, g, J 7 ) — > (M' , g' , J 7 ') be a smooth foliated map, and all 
leaves of J 7 be compact. Then <fr is transver sally bi-harmonic if and only if it is a 
critical point of the transversal bi-energy (E 2 )b{4>) of <fi on any compact domain. 

Then we have the following (cf. [2]). 

Theorem 6.4 Let <ft : (M, g, J 7 ) — > (M',g', J 7 ') be a transversally bi-harmonic 
map with M compact without boundary, and all leaves of J 7 be compact. Assume 
that the transversal sectional curvature K®' of J 7 ' is non-positive. Then <fi is 
transversally harmonic. 

Proof. Let {E a } be a local orthonormal basic frame of Q. Then (t2)&(0) = 
implies that 



(V£)*V? r r 6 (0) - n (4>) -J2 RQ '( T ^)> d T<P(E a ))d T( p(E a ) = 0. (6.5) 



From (|2Za> and flU, we have A s |r 6 (0)| 2 = 2((Vf r )*Vf r r 6 (0), r 6 (0))-2| V tr r b (0)| 2 . 



a 



Hence from (16. 5ft . we have 



i(A B -4)|r,(0)| 2 



= -|V tr r b (0)| 2 

+ J2(R Q '(n(<P), d T <f)(E a ))d T <P(E a ), r 6 (0)>. 



(6.6) 



a 



Since the transversal sectional curvature K®' of J 7 ' is non-positive, we have 



(A B -4)|r b (0)| 2 <O. 
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Hence, by the generalized maximum principle (Lemma 2.3), |t&(0)| is constant. 
Again, from ( 16. 6p . we have that for all a, 



V Ea r b (0) = 0. 



(6.7) 



Now, we define the normal vector bundle X by 



a 



Then we have 



divy(X) 



1 



-^(d T (j)(dBVoll),T b ((p)) + 



1 



nm 2 



vol L 

1 , 



vol L 



(d T( f)(K* B ),T b ( ( f))) + 



1 



n(4>)\ 2 . 



vol L 



vol L 



The last equality above follows from Lemma 2.2. By integrating and by using 
the transversal divergence theorem (Theorem 2.1), we have 



which implies that T b ((j)) = 0. So is transversally harmonic. □ 

7 The second variation formula for the transver- 
sal bi-energy 

Let (M,g,J-) and (M f , g', J 7 ') be two foliated Riemannian manifolds. Let <fi : 
(M, g, J 7 ) — > (M' , g' , J 7 ') be a transversally bi-harmonic map. Then we have the 
second variational formula of the transversal bi-energy as follows. 

Theorem 7.1 ( The second variation formula for the transversal bi-energy) Let 
cj) : (M, g, J 7 ) — > (M', g', J 1 ') be a smooth foliated map with M compact without 




(6.8) 
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boundary and all leaves be compact. Let {<f) t } be a foliated variation of <fi with the 
normal variation vector field V . Then 

aV t=o 

{|(r 2 ) b (0))| 2 - ((T2W)),v v v) - (i&tyMfiMfav)}-^?* 



vol L 



- 2 E jj^E a R Q ')(V, d T ^{E a ))r b {4>l V)^ 



, Mm 
vol L 



, Mm- 

Proof. Let V G <p~ 1 Q' and let {0f} be a foliated variation of <fi such that 
= V and 0o = 0- We choose a local orthonormal basic frame {E a \ such 

t=o 

that (VE a )(x) = at point ac. Define $ : M x (-e, e) -»■ M' by = 
Let V* be the pull-back connection on Obviously, d T §(E a ) = <i T 0(£ , a ) 

and ^ = ^f- Trivially, V ±f t = V ±E a = V Ea f t = 0. Hence, from (EHJ) we have 



dt 



d 
It 2 



dt 

2 



;(E 2 ) B (<p t )= [ ((V|V|r b (^),r ;) ( < /) i )) + |V|r b (^)| 2 )^- / i M . (7.L 

\ dt dt dt / VOlL 

From (14. 51) . we have 

a a 

and then 

V|Vir 6 (0 t ) = ^ V| (( V *)k,s a ? + ^ Q '(^' d T <p t (E a ))d T <p t (E ai 
dt dt * — ' * V ' at at 



By a long calculation, we get 
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and 

V\R Q \^,d T UE a ))d T MEa) 
dt at 

= {y a _ ± R Q, )(^-,d T UEa))d T HEa) + R Q \V%^ ) d T UEa))d T ME a ) 
dt ot dt at 

+ R Q \^,V%d T <t> t {Ea))d T <t>t{Ea) + R Q ' {^-,d T UEa))VU T UEa). 

Ot dt Ot dt 

Since [f v E a ] = 0, we have Vyd-r^-E^) — ^ d T 4>(E a )V — ^EaY '■ Hence from the 
equations above, we have 

V|V|r fe (0^ =o 

dt dt 

= -J*(V V V) + J2^ E R Q '(V,d T <f ) (E a ))V 

a 

+ 2 R Q '(V> d T <j>(E a ))V E V + R Q \d T <t>{V Ea E a ), V)V 

a a 

+ j2^vR Q 'w,d T <p(E a ))d T( p(E a ) +Y, RQ,{ y^Ey)dT(t>{E a ). 

a a 

So, by the first and second Bianchi identites, we have 

(V|V|r b (0 t ),r & (^)>| t =o = -(Jj(Vv4O,T fe (0)> + (R Q ' (V, r b (<f)))V, r b ((f))) 

dt dt 

+ J2((VvR Q ')(v, d T <f>(E a ))d T <f>(E a ), n {4>)) 

a 

+ ^((^E a R Q ')(V, d T <f>(E a ))V, r fe (0)> 

a 

+ 4 J2( rQ '( V ' d T ^E a ))V%V, r 6 (0)>. 
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By integrating together with (15.4)) . we have 

( V* V* U (0 4 ) 1 1=0 , T b (0) ) — — n M 
M dt dt VOIl 

(jj( T6 (0)),Vyy)4-/iM- / (i? Q/ (y,T 6 (0))r 6 (0),y)4-/iM 



" 2 E J M ((VE a R Q ')(V, d T <j>(E a ))r b (4>), V)^ 



vol L 



[ {{Vr^'W.dT^E^dT^E^.V)^-^, 



M V0l L 

-4^ / (R^'(ViV,r b (<P))dT(f>(E a ),V)^-fiM. 
a Jm vol l 

From ( 16.1 p and (17. ip . the proof follows. □ 

Then we have the following corollary (cf. [2]). 

Corollary 7.2 Let : (M, g, J 7 ) — > (M'^g'^J 1 ') be a transversally bi-harmonic 
map with M compact without boundary. Let {<f) t } be a foliated variation of with 
the normal variation vector field V. Then 

^(E 2 ) B (<f> t ) = - [ ( J RQ'(K,r fe (0))r b (0),\/)^- / i M 
at t=o J M voIl 



-2V / ((V £Q i? Q ')(y,d T 0( J E a ))r b (0),\/)^- / x M 
+ E J M ((V TbW R Q ')(V, d T <f>(E a ))d T <f>(E a ), V)^ 
- 4 £ ljR Q '(^ E V, r b (0))rf r 0(E a ), 



vol L 



vol L 

Definition 7.3 If the transversally bi-harmonic map : (M, g, J 7 ) — > (M', g', J 7 ') 
satisfies 4i(E 2 ) B (ipt] 



> 0, then is said to be stable. 

t=o 



Note that any transversally harmonic map can be considered as a stable transver- 
sally bi-harmonic map. We also have the following theorem ([2]). 
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Theorem 7.4 Let (M, J 7 ) be a closed Riemannian manifold with a foliation J 7 
and let (M', J 7 ') be a Riemannian manifold with a constant transversal sectional 
curvature C > 0. If a foliated map (ft : (M, J 7 ) — > (M', J 7 ') is stable transversally 
bi-harmonic and relatively harmonic, then <j) is transversally harmonic. 

Proof. Since the transversal sectionsal curvature K Q ' of J 7 ' is constant C > 0, 
from Corollary 7.2, we have 



Let V = Tfe(0). Since is relatively harmonic, i.e., (r;,(0), dT(f>(X)) for any vector 
field X G TQ', we have 



This stability implies that r fe (0) = 0, i.e., is transversally harmonic. □ 
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